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Brane-World and Holography
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(a) Research Centre for the Early Universe (RESCEU), The University of Tokyo, Tokyo 113-0033, Japan
(b) Advanced Research Institute for Science and Engineering, Waseda University, Shinjuku-ku, Tokyo 169-8555, Japan
We consider the brane-world in the holographic point of view. Bearing the realistic models in mind,
the bulk massless scalar field is introduced. First of all, we find the constraint on the coupling of the
scalar fields with the matter(not holographic CFT) on the brane. We show that the traceless part of
the energy-momentum tensor of holographic CFT is a part of the bulk Weyl tensor. The trace part
which comes from the trace-anomaly is corresponding to the ρ2-term appeared in the generalized
FRW equation in the brane-world.
I. INTRODUCTION
The Randall-Sundrum brane-world is the attractive
and simple model which describes the stringy cosmology
[1,2], where the 4-dimensional spacetime is regarded as
a 4-dimensional Minkowski spacetime embedded in the
5-dimensional anti-de Sitter (AdS) spacetime. In this
model, it has been checked that the Newton gravity is
recovered in the linearized theory [1–6], and in special
cases, it has recently been confirmed that the Einstein
gravity is recovered up to the second order perturbation
analysis [7]. Due to the technical reason, however, the
non-linear aspects of the brane-world are still unclear
(See Ref. [8] for some attempts on this issue). It is re-
markable that the homogeneous-isotropic universe is de-
scribed by the domain wall motion in the 5-dimensional
Schwarzschild-AdS spacetime [9,10].
We shall consider in this paper that the gravitational
equations on the brane from the holographic point of
view. We will compare the gravitational equations, which
are obtained via the purely geometrical reduction with-
out any approximations, with the effective equations de-
rived by using the AdS/CFT correspondence [11]. This
direction was initiated by Witten, and then formulated
by others [6,12–14]. They have shown that the correction
to the Newton gravity can be calculated by CFT living
on the brane(See Ref [15] for the cosmological applica-
tions). In connection with this topic, other aspects of
the dilatonic brane-world have been actively investigated
so far [16–21].
In this paper we will consider what kind of brane-
world is compatible to the AdS/CFT correspondence.
There are two ways to obtain the effective equation on
the brane. By comparing them, our purpose should be
attained. The rest of this report is organised as follows.
In Sec. II, following Refs. [5,18], we give a brief review
of the gravitational equations on the brane. In Sec. III,
we derive the effective equations on the brane via the
AdS/CFT correspondence and compare them with those
described in Sec. II. To make the points clear, we con-
sider a simple model there. The model, which can be de-
scribed by the aspect of the AdS/CFT correspondence,
has a certain constraint on the coupling of the scalar field
to the matters on the brane. Finally, we give a summary
in Sec. IV.
II. THE GRAVITATIONAL EQUATION ON THE
BRANE
In this section, we briefly review the gravitational
equation on the brane derived in Refs. [5,18]. We be-
gin with the action
S = Sbulk + Sbrane
=
{∫
d5x
√−g
[ 1
2κ52
(5)R− 1
2
(∇φ)2 − V (φ)
]
+
∫
d4x
√−g 1
κ52
K
}
+
∫
d4x
√−q
[
Lm − λ(φ)
]
. (1)
We here work on the Gaussian normal coordinate such
that the metric takes the form
ds2 = gMNdx
MdxN = dy2 + qµν(y, x)dx
µdxν . (2)
The brane is assumed to locate at y = 0 and qµν(0, x) =:
qµν(x) is the induced metric on the brane. From the
Gauss equation and the Israel’s junction condition [22],
the gravitational equation on the brane is given by
(4)Gµν =
2κ5
2
3
Tˆµν(φ)
+gµν
[
−Λ4 + κ5
2
16
(
2
dλ
dφ
+
∂Lm
∂φ
)∂Lm
∂φ
]
+8πG4(φ)τµν + κ5
4πµν − Eµν , (3)
where
Tˆµν(φ) = DµφDνφ− 5
8
qµν(Dφ)
2, (4)
Λ4 =
1
2
κ5
2
[
V +
1
6
κ5
2λ2 − 1
8
(dλ
dφ
)2]
, (5)
8πG4(φ) =
κ5
4
6
λ(φ), (6)
1
πµν = −1
4
τµατν
α +
1
12
ττµν +
1
8
qµνταβτ
αβ − 1
24
qµντ
2,
(7)
and
Eµν =
(5)CµMνNn
MnN . (8)
τµν is the energy-momentum tensor of Lm on the brane.
Dµ is the covariant derivative with respect to qµν . Here
we have taken into account a possibility that the matter
fields on the brane couple to the dilaton field φ. The
second-rank trace-free symmetric tensor Eµν is the so-
called “electric” part of the 5-dimensional Weyl tensor,
(5)CKLMN . Note that we did not use any approxima-
tion to derive the gravitational equations. In this sense,
Eq. (3) is exact under the assumption that the full ac-
tion is given by Eq. (1). Since Eµν is the 5-dimensional
quantity, however, the above equations are not a closed
system in the 4-dimensional sense. To evaluate Eµν on
the brane, we must solve the equation for Eµν in the bulk
[4,23].
In a similar way, we obtain the equation for the scalar
field on the brane:
D2φ− κ5
2
12
(4λ− τ)
(dλ
dφ
+
∂Lm
∂φ
)
− dV
dφ
= −∂2yφ|brane.
(9)
The trace part of the gravitational equation on the
brane will play an important role for the discussion in
the next section:
(4)R = κ5
2(Dφ)2
+4
[
Λ4 − κ5
2
16
(
2
dλ
dφ
+
∂Lm
∂φ
)∂Lm
∂φ
]
−8πG4τ − κ54πµµ. (10)
Hereafter we set κ5
2 = 1 for the brevity.
III. VIEW FROM THE HOLOGRAPHY
A. Set-up
To derive the effective equation on the brane from the
holographic point of view, we follow the Giddings, Katz
and Randall’s argument [6], where they started with the
following observation in the path integral:
Z =
∫
Dgei[S5(g)+ 12Sbrane(q)]
=
∫
Dqe i2Sbrane
∫
g|b=q
DgeiS5
=
∫
Dqe i2SbraneeiSct
〈
ei
∫
d4xqµνT
µν
〉
CFT
. (11)
In the above a coupling of the bulk scalar to a boundary
operator is tacitly included, this is, g expresses the both
of the metric and scalar for the brevity. S5 is the gravita-
tional action with the boundary term, Sbrane is the brane
action including the brane tension and the matter fields
on the brane. When we move from the second to the
third lines, we have used the AdS/CFT correspondence
[11]; Roughly speaking, the classical gravity in the bulk
is dual with CFT living on the boundary. Then, we must
introduce the counter-term Sct to make the action finite.
The counter-term is assumed to have the local form in
terms of the 4-dimensional quantities, which can be easily
determined by using the Hamilton-Jacobi equation [24]
(See also [25])∗:
H = 2√−q
δS
δqαβ
δS
δqµν
(
qαµqβν − 1
3
qαβqµν
)
+
1
2
1√−q
(δS
δφ
)2
− 1
2
√−q(Dφ)2 + 1
2
√−q(4)R
−√−qV (φ) = 0. (12)
This will be solved by expanding on shell action S with
respect to the order of the derivatives, that is, we perform
the derivative expansion.
B. An example
In this subsection, we will show an explicit relation
between the “electric” part of the 5-dimensional Weyl
tensor and the energy-momentum tensor of CFT living
on the brane to the 2nd order of the derivative expansion.
To the 4th order, we will obtain the relation between πµµ
and the trace-anomaly of CFT.
First of all, we remind that the generalized AdS/CFT
argument depends on the scheme in the general bulk
potential except for the trivial case. Apart from the
Hamilton-Jacobi formalism adopted in this report, there
is another way where we take the metric expansion near
the brane (i.e., boundary) [28]. To obtain the univer-
sal result, our attention will be focused on the constant
potential cases.
We here consider the system which can be controlled
by the counter-term
Sct =
3
ℓ
∫
d4x
√−q + ℓ
4
∫
d4x
√−q((4)R−DµφDµφ)
+S(4) + · · · , (13)
∗The Hamilton-Jacobi equation was applied into cosmology
to discuss the inhomogeneities in the long wave limit [27].
The long wave approximation seems to correspond to the low
energy limit.
2
where S(4) is the counter term including the 4th deriva-
tives like (4)R2 and (4)R(Dφ)2. As seen soon, the system
must have the trivial potential for the bulk scalar field.
From the Hamilton-Jacobi equation of the 0th order,
we obtain
V (φ) = − 6
ℓ2
= constant. (14)
Using the above counter-term in Eq. (11), we obtain the
effective gravitational equation on the brane:
(4)Gµν = 8πG4τµν +DµφDνφ− 1
2
qµν(Dφ)
2
+
4
ℓ
1√−q
δS(4)
δqαβ
qµαqνβ +
4
ℓ
〈Tµν〉CFT. (15)
This equation should be compared with Eq. (3). In the
above we set the net cosmological constant on the brane
to be zero, which requires
λ =
6
ℓ
. (16)
Comparing Eq. (3) with Eq. (15), we obtain the relation
between Eµν and the energy-momentum tensor of CFT
in the 2nd derivative order or O(Tµν):
Eµν = −4
ℓ
〈Tµν − 1
4
qµνT 〉CFT
−1
3
[
DµφDνφ− 1
4
qµν(Dφ)
2
]
. (17)
Although 〈Tµν〉CFT is expected to be higher order than
(Dφ)2 terms, we keep it in the right-hand side in Eq. (17).
The trace of the effective equation is
(4)R = −8πG4τ + (Dφ)2 − 4
ℓ
〈T µµ〉CFT, (18)
where we used the fact that the tensor produced from
the 4th order local term S(4) is traceless:
δS(4)
δqµν
qµν = 0. (19)
The trace-anomaly of CFT can also be evaluated by using
the Hamilton-Jacobi equation [24,26,28–31]:
〈T µµ〉CFT = ℓ
3
16
[
(4)Rµν
(4)Rµν − 1
3
(4)R2
−2(4)RµνDµφDνφ+ 2
3
DµφD
µφ(4)R
+
2
3
(DµφD
µφ)2
]
.
(20)
Let us compare Eq. (10) with Eq. (18). To do so we
set Λ4 = 0 in Eq. (10). Since λ is constant, Eq. (10)
becomes
(4)R = −8πG4τ + (Dφ)2 − 1
4
(∂Lm
∂φ
)2
− πµµ. (21)
Using the Einstein equation to the 2nd order, (4)Gµν ≃
8πG4τµν+DµφDνφ− 12gµν(Dφ)2, together with Eqs. (18)
and (21) implies
∂Lm
∂φ
= 0. (22)
This means that the coupling of the scalar field to the
matter fields on the brane is not admitted. It is reminded
that the holographic CFT does couples to the scalar field.
As a summary, we have shown
πµµ =
4
ℓ
〈T µµ〉CFT. (23)
It is already well-known that the term, πµµ, implies the
modification of the FRW models [9]:
( a˙
a
)
=
8πG4
3
ρ+
1
36
ρ2. (24)
Hence we can conclude that ρ2-term comes from the
trace-anomaly from the holographic point of view.
IV. SUMMARY
We considered the generic features of the brane-world
from the holographic point of view. We showed that
the explicit relation between the “electric” part of the
Weyl tensor and the energy-momentum tensor of CFT
living on the brane. This gives us the reformulation of
previous works of Refs. [6,12] in the system with the bulk
scalar field. In addition, the ρ2-term comes from the trace
anomaly of CFT.
We stress that the brane-world models with a correct
AdS/CFT interpretation will belong to a rather limited
class in general. As an example, we considered the bulk
massless scalar field and showed that the coupling of the
scalar field with the matters on the brane cannot be ad-
mitted. This is also one of our main results. On the other
hand, it is reminded that holographic CFT is coupled to
the bulk scalar on the branes(See Eq. (20)).
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APPENDIX A: DERIVATION OF THE
COUNTER TERMS
In general the 0th order of the counter terms can be
written as
3
S(0) = 3
∫
d4x
√−qH(φ). (A1)
In this order the Hamilton-Jacobi equation is
2√−q
δS(0)
δqαβ
δS(0)
δqµν
(
qαµqβν − 1
3
qαβqµν
)
+
1
2
1√−q
(δS(0)
δφ
)2
−√−qV (φ) = 0. (A2)
Substituting Eq. (A1) into Eq. (A2), we obtain the rela-
tion between the potential for the bulk scalar and H(φ):
V (φ) =
9
2
[(dH
dφ
)2
− 4
3
H2(φ)
]
. (A3)
Since H(φ) = 1/ℓ in the text, we obtain Eq. (14). In the
2nd order the Hamilton-Jacobi equation is
4√−q
δS(0)
δqαβ
δS(2)
δqµν
(
qαµqβν − 1
3
qαβqµν
)
+
1√−q
δS(0)
δφ
δS(2)
δφ
−1
2
√−q(Dφ)2 + 1
2
√−q(4)R = 0. (A4)
Substituting Eq. (A1) into the above, we obtain Eq. (13)
in the text.
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